A Hirzebruch proportionality principle in
Arakelov geometry

Kai Kohler

Universitatsstr. 1, Gebaude 25.22, D-40225 Diisseldorf, Germany.
koehler@math.uni-duesseldorf.de

Summary. We describe a tautological subring in the arithmetic Chow ring of bases
of abelian schemes. Among the results are an Arakelov version of the Hirzebruch
proportionality principle and a formula for a critical power of ¢; of the Hodge bundle.
Mathematics Subject Classification (2000): 14G40, 58J52, 20G05, 20G10, 14M17.

1 Introduction

The purpose of this note is to exploit some implications of a fixed point for-
mula in Arakelov geometry when applied to the action of the (—1) involution
on abelian schemes of relative dimension d. It is shown that the fixed point
formula’s statement in this case is equivalent to giving the values of arithmetic
Pontrjagin classes of the Hodge bundle E := (R'm,.O,| - ||12)*, where these
Pontrjagin classes are defined as polynomials in the arithmetic Chern classes
defined by Gillet and Soulé. The resulting formula (see Theorem 3.4) is

R 20'(1 - 2k) =<1 2log2
A(E) = (-1 [ 22020 T = % (2k — 1)! a(ch(E)12E-1)
(1)

with the canonical map a defined on classes of differential forms. When com-
bined with the statement of the Gillet-Soulé’s non-equivariant arithmetic Gro-
thendieck-Riemann-Roch formula ([GS8],[Fal]), one obtains a formula for the
class cl+d(d D/2 of the d-dimensional Hodge bundle in terms of topological
classes and a certain special differential form ~ (Theorem 5.1), which repre-
sents an Arakelov Euler class. Morally, this should be regarded as a formula
for the height of complete cycles of codimension d in the moduli space (but
the non-existence of such cycles for d > 3 has been shown by Keel and Sadun
[KS]). Still it might serve as a model for the non-complete case. Finally we de-
rive an Arakelov version of the Hirzebruch proportionality principle (not to be
confused with its extension by Mumford [M]), namely a ring homomorphism
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from the Arakelov Chow ring CH*(Ly_1) of Lagrangian Grassmannians to the
arithmetic Chow ring of bases of abelian schemes CH*(B) (Theorem 5.5):

Theorem 1.1. Let S denote the tautological bundle on Lq_1. There is a ring
homomorphism B -
h: CH"(La-1)g — CH*(B)g/(a(7))

with
d=1 .00 o
h(@(3)) = () (1 ta (Z(ig - 22:)) B2 2k — 1tk (E)))
k=1
and

h(a(c(9))) = a(c(E)) .

In the last section we investigate the Fourier expansion of the Arakelov Euler
class v of the Hodge bundle on the moduli space of principally polarized
abelian varieties.

A fixed point formula for maps from arithmetic varieties to Spec D has
been proven by Roessler and the author in [KR1], where D is a regular arith-
metic ring. In [KR2, Appendix] we described a conjectural generalization to
flat equivariantly projective maps between arithmetic varieties over D. The
missing ingredient to the proof of this conjecture was the equivariant version
of Bismut’s formula for the behavior of analytic torsion forms under the com-
position of immersions and fibrations [B4], i.e., a merge of [B3] and [B4]. This
formula has meanwhile been shown by Bismut and Ma [BM].

There is insofar a gap in our proof of this result (Conjecture 3.2), as we
give only a sketch. While our sketch is quite exhaustive and provides a rather
complete guideline to an extension of a previous proof in [KR1] to the one
required here, a fully written up version of the proof would still be basically
a copy of [KRI1] and thus be quite lengthly. This is not the subject of this
article.

We work only with regular schemes as bases; extending these results
to moduli stacks and their compactifications remains an open problem, as
Arakelov geometry for such situations has not yet fully been developed. A
corresponding Arakelov intersection ring has been established in [BKK] by
Burgos, Kramer and Kiihn, but the associated K-theory of vector bundles
does not exist yet; see [MR] for associated conjectures. In particular one could
search an analogue of the Hirzebruch-Mumford proportionality principle in
Arakelov geometry. Van der Geer investigated the classical Chow ring of the
moduli stack of abelian varieties and its compactifications [G] with a different
method. The approach there to determine the tautological subring uses the
non-equivariant Grothendieck-Riemann-Roch theorem applied to line bundles
associated to theta divisors. Thus it might be possible to avoid the use of the
fixed point formula in our situation by mimicking this method, possibly by
extending the methods of Yoshikawa [Y]; but computing the occurring objects
related to the theta divisor is presumably not easy.
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Results extending some parts of an early preprint form of this article ([K2])
in the spirit of Mumford’s extension of the proportionality principle have
been conjectured in [MR]. That article also exploits the case in which more
special automorphisms exist than the (—1) automorphism. Their conjectures
and results are mainly generalizing Corollary 4.1.

Acknowledgements. 1 thank A. Johan de Jong, Damian Roessler, Christophe
Soulé, Harry Tamvakis, Emmanuel Ullmo, Torsten Wedhorn and the referee
for helpful discussions and comments. Also I thank the Deutsche Forschungs-
gemeinschaft which supported me with a Heisenberg fellowship during the
preparation of parts of this article.

2 Torsion forms

Let m: E'0 — B denote a d-dimensional holomorphic vector bundle over a
complex manifold. Let A be a lattice subbundle of the underlying real vector
bundle Ex° of rank 2d. Thus the quotient bundle M := E“°/A — B is a
holomorphic fibration by tori Z. Let

A = {p e (BL)"

w(A) € 27Z  for all A € A}

denote the dual lattice bundle. Assume that E'0 is equipped with an Hermi-
tian metric such that the volume of the fibers is constant. Any polarization
induces such a metric.

Let Ny be the number operator acting on I'(Z, A9T*%1Z) by multiplica-
tion with ¢. Let Try denote the supertrace with respect to the Z/2Z-grading on
AT* B @ End(AT*%'Z). Let ¢ denote the map acting on A??T* B as multipli-
cation by (27i) . We write 2(B) for A(B) := @,=,(AP*(B)/(Im d+Imd)),
where APP(B) denotes the C° differential forms of type (p,p) on B. We shall
denote a vector bundle F together with an Hermitian metric A by F. Then
chy(F) shall denote the Chern-Weil representative of the equivariant Chern
character associated to the restriction of (F,h) to the fixed point subvariety.
Recall (see e.g. [B3]) also that Td,(F) is the differential form

()
() = S 1 Yechy (AFF)

In [K1, Section 3], a superconnection A; acting on the infinite-dimensional
vector bundle I'(Z, AT**'Z) over B has been introduced, depending on t €
R*. For a fibrewise acting holomorphic isometry g the limit

. * —A2
lim ¢Trsg* Nge 't =: we
t—o0

exists and is given by the respective trace restricted to the cohomology of the
fibers. The equivariant analytic torsion form Ty(m, Op) € A(B) was defined
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there as the derivative at zero of the zeta function with values in differential
forms on B given by

1 oo
_m A (¢T‘I‘SQ*NH6_A§ — woo)ts_l dt

for Res > d.

Theorem 2.1. Let an isometry g act fibrewise with isolated fived points on
the fibration by tori m: M — B. Then the equivariant torsion form Ty(m, Onr)
vanishes.

Proof. Let f,: M — C denote the function e for u € A*. As is shown in
[K1, §5] the operator A? acts diagonally with respect to the Hilbert space
decomposition
(2, AT*' 2) = @ AE*' @ {f.}.
peA*

As in [KR4, Lemma 4.1] the induced action by ¢ maps a function f, to a
multiple of itself if and only if © = 0 because g acts fixed point free on
E10 outside the zero section. In that case, fu represent an element in the
cohomology. Thus the zeta function defining the torsion vanishes. O

Remark. As in [KR4, Lemma 4.1], the same proof shows the vanishing of the
equivariant torsion form 7 (, £) for coefficients in a g-equivariant line bundle
L with vanishing first Chern class.

We shall also need the following result of [K1] for the non-equivariant
torsion form T'(m, Op) := Tia(m, Opr): Assume for simplicity that 7 is Kéhler.
Consider for Re s < 0 the zeta function with values in (d—1,d—1)-forms on B

Z(S) — F(zdr—(sj(; i)\{())'l(M) Z (@”)\170”2)/\(d—1) (|‘)\1"0H2)S+1_2d

xeA\{0}

where A0 denotes a lattice section in E19. (In [K1] the volume is equal to 1.)
Then the limit 7 := lim,_,o- Z/(0) exists and it transgresses the Chern-Weil
form cq(E%!) representing the Euler class cq(E%1)

In [K1, Th. 4.1] the torsion form is shown to equal

T(m,Onm) = ﬁ

in 2(B). The differential form v was intensively studied in [K1].
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3 Abelian schemes and the fixed point formula

We shall use the Arakelov geometric concepts and notation of [SABK] and
[KR1]. In this article we shall only give a brief introduction to Arakelov geom-
etry, and we refer to [SABK] for details. Let D be a regular arithmetic ring,
i.e., a regular, excellent, Noetherian integral ring, together with a finite set S
of ring monomorphisms of D — C, invariant under complex conjugation. We
shall denote by G := p,, the diagonalizable group scheme over D associated
to Z/nZ. We choose once and for all a primitive n-th root of unity ¢, € C.
Let f:Y — Spec D be an equivariant arithmetic variety, i.e., a regular inte-
gral scheme, endowed with a p,-projective action over Spec D. The groups
of n-th roots of unity acts on the d-dimensional manifold Y (C) by holomor-
phic automorphisms and we shall write g for the automorphism corresponding
to (.

We write f#» for the map Y,,, — Spec D induced by f on the fixed
point subvariety. Complex conjugation induces an antiholomorphic automor-
phism of Y(C) and Y,,, (C), both of which we denote by F,.. The space A(Y")
is the sum over p of the subspaces of APP(Y(C)) of classes of differential
(p, p)—forms w such that FX w = (—1)Pw. Let DP?(Y (C)) denote similarly the
F-equivariant currents as duals of differential forms of type (d —p,d —p). It
contains in particular the Dirac currents dz(c) of p-codimensional subvarieties
ZofY. -

Gillet-Soulé’s arithmetic Chow ring CH*(Y) is the quotient of the Z-
module generated by pairs (Z, gz) with Z an arithmetic subvariety of codimen-

sion p, gz € DP~1P~1(Y(C)) with %gz + dz(c) being a smooth differential
form by the submodule generated by the pairs (div f, —log || f||?) for rational
functions f on Y. Let CH*(Y") denote the classical Chow ring. Then there is

an exact sequence in any degree p
CHPPH(Y) 25 P17 -1(y) % CHP(Y) - CHP(Y) — 0. (2)

For Hermitian vector bundles E on Y Gillet and Soulé defined arithmetic
Chern classes ¢,(E) € CHP(Y)q.

By “product of Chern classes”, we shall understand in this article any
product of at least two equal or non-equal Chern classes of degree greater
than 0 of a given vector bundle.

Lemma 3.1. Let

oo
o= Z a;¢; + products of Chern classes
=0

denote an arithmetic characteristic class with a; € Q and a; # 0 for j >
0. Assume that for a vector bundle F on an arithmetic variety Y we have
¢(F) = m+ a(B) where 8 is a differential form on Y (C) with 993 = 0 and
m € CHY(Y)q. Then
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o0
> a;e(F) =m+a(f).
j=0

Proof. We use induction. For the term in aﬁO(Y)Q, the formula is clear.
Assume now for k € Ny that

k k
> a;ei(F)=m+Y a(p)ll.
j=0 =0

Then ¢;(F) € a(kerdd) for 1 < j < k, thus products of these ¢;’s vanish
by [SABK, Remark II1.2.3.1]. Thus the term of degree k + 1 of ¢(F) equals
ak+1/c\k+1(F). (|

We define arithmetic Pontrjagin classes p; € CHY of arithmetic vector
bundles by the relation

D= Q)Y (-
§=0 §=0 §=0

Thus,

pi(F) = (=1) C2J(F@F* 7,\2 CJ+l C] 1(F)

I M"

for an arithmetic vector bundle F (compare [MiS, §15]). Similarly to the
construction of Chern classes via the elementary symmetric polynomials, the
Pontrjagin classes can be constructed using the elementary symmetric poly-
nomials in the squares of the variables. Thus many formulae for Chern classes
have an easily deduced analogue for Pontrjagin classes. In particular, Lemma
3.1 holds with Chern classes replaced by Pontrjagin classes.

Now let Y, B be p,-equivariant arithmetic varieties over some fixed arith-
metic ring D and let m: Y — B be a map over D, which is flat, u,-projective
and smooth over the complex numbers. Fix a p, (C)-invariant Kahler metric
on Y(C). We recall [KR1, Definition 4.1] extending the definition of Gillet-
Soulé’s arithmetic Ko-theory to the equivariant setting: Let &g(f) be an
equivariant Bott-Chern secondary class as introduced in [KR1, Th. 3.4]. The
arithmetic equivariant Grothendieck group K#»(Y') of Y is the sum of the
abelian group ﬂ(Yun) and the free abelian group generated by the equivari-
ant isometry classes of Hermitian vector bundles, together with the following
relations: For every short exact sequence £:0 — E' — E — E” — 0 and
any equivariant metrics on E, E’, and E”, we have the relation ch (&) =
E —-FE+E"in KM (Y). We remark that K#n (Y) has a natural ring struc-

ture. We denote the canonical map A(Y, ) — K#n(Y) by a; the canonical
trivial Hermitian line bundle O shall often be denoted by 1.
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If £ is a m-acyclic (meaning that RFn,E = 0 if k& > 0) p,-equivariant
Hermitian bundle on Y, let . E be the direct image sheaf (which is locally
free), endowed with its natural equivariant structure and Laz-metric. Consider
the rule which associates the element m.E — Ty(m, E) of K} (B) to every
m-acyclic equivariant Hermitian bundle E and the element

/ Td,(Tr)y € A(B,.)
Y (C)y/B(C)q4

toevery n € ﬁl(Yun). This rule induces a group homomorphism m: K r(y) —
K{™(B) ([KR2, Prop. 3.1]).

Let R be a ring as appearing in the statement of [KR1, Th. 4.4] (in the
cases considered in this paper, we can choose R = D[1/2]) and let R(pn)
be the Grothendieck group of finitely generated projective u,-comodules. Let
A_1(E) denote the alternating sum Y, (—1)*A*E of a vector bundle E. Con-
sider the zeta function L(a,s) = Y oo k~*a* for Re s > 1, |a| = 1. It has a
meromorphic continuation to s € C which shall be denoted by L, too. Then
L(—1,s) = (2'7% — 1)((s) and the function

~ > oL 1 {L‘k
Rla,2) =3 | Gole—h) + Lo =) 3o | o
k=0 j=1

defines the Bismut equivariant R-class of an equivariant holomorphic hermi-
tian vector bundle £ with Ex =) . E¢ as

- E¢ ~ Ec
Ry(B) =) (TrR(g,g) —TrR(1/¢, “ ,)) :

iy 21
¢est

The following result was stated as a conjecture in [KR2, Conj. 3.2].
Congecture 3.2. Set

A_l(ﬂ*Nj‘B,/B )
td(m) i = ———————— (1 — N *N .
Then the following diagram commutes

=S lim td(m)p’ Stin
K (Y) = K§ () ®r R

[ [t

’

K§"(B) = K§"(Bu,) ®r(u,) R
where p’ denotes the restriction to the fixed point subscheme.

As this result is not the main aim of this paper, we only outline the proof;
details shall appear elsewhere.
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Sketch of the proof. As explained in [KR2, conjecture 3.2] the proof of the
main statement of [KR1] was already written with this general result in mind
and it holds without any major change for this situation, when using the
generalization of Bismut’s equivariant immersion formula for the holomorphic
torsion ([KR1, Th. 3.11]) to torsion forms. The latter has now been established
by Bismut and Ma [BM]. The proof in [KR1] holds when using [BM] instead
of [KR1, Th. 3.11] and [KR2, Prop. 3.1] instead of [KR1, Prop. 4.3].

Also one has to replace in sections 5, 6.1 and 6.3 the integrals over Yy, X,
etc. by integrals over Y, /By, X /B, while replacing the maps occurring there
by corresponding relative versions. As direct images can occur as non-locally-
free coherent sheaves, one has to consider at some steps suitable resolutions
of vector bundles such that the higher direct images of the vector bundles in
this resolution are locally free as e.g. on [Fal, p. 74]. O

Let f: B — Spec D denote a quasi-projective arithmetic variety and let
m:Y — B denote a principally polarized abelian scheme of relative dimension
d. For simplicity, we assume that the volume of the fibers over C is scaled
to equal 1; it would be 2% for the metric induced from the polarization. We
shall explain the effect of rescaling the metric later (after Theorem 5.1). Set
E = (R'7.0,|| - ||z2)*. This bundle E = Lie(Y/B)* is the Hodge bundle.
Then by [BBM, Prop. 2.5.2], the full direct image of O under = is given by
R*m, O = A*E* and the relative tangent bundle is given by T'n = 7*E*.
By similarly representing the cohomology of the fibres Y/B by translation-
invariant differential forms, one shows that these isomorphisms induce isome-
tries if and only if the volume of the fibres equals 1 (e.g. as in [K1, Lemma
3.0]), thus

Rem,0 = A*E* (3)
and

Tr = B ()
See also [FC, Th. VI.1.1], where these properties are extended to toroidal
compactifications. For an action of G = u, on Y Conjecture 3.2 combined
with the arithmetic Grothendieck-Riemann-Roch theorem in all degrees for
7% states (analogous to [KR1, section 7.4]):

Theorem 3.3.
chg(R*m.0) — a(Ty(nc, 0)) = 78 (Tda(Tr)(1 — a(Ry(Tnc)))) -

Asin [KR1], G = p, is used as the index for equivariant arithmetic classes,
while the chosen associated automorphism g over the points at infinity is
used for objects defined there. We shall mainly consider the case where 7¢
is actually a smooth covering, Riemannian over C; thus the statement of the
arithmetic Grothendieck-Riemann-Roch is in fact very simple in this case. We
obtain the equation

c/l\n(;(/l'E*) —a(T,(rc, 0)) = ¢ (ﬁg(w*ﬁ*)(l — a(Rg(ﬂ*E(E)))) .
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Using the equation
~ _ Grop(EC
ChG<AoE*) — CE\P( 7)
Tde(E)
this simplifies to

Con(EY) 1 (e D)) = Taa(B*)(1 - a(R, (E2)nCne1
TdG(E) g ’ g C * 5

or, using that a(ker 99) is an ideal of square zero,

Grop(E9) (1 + aRy(ER))) — a(Ty (me, 0)Tdy (Ec)) = Tde(E)Tda(E")n"L.
()

Remarks. 1) If G acts fibrewise with isolated fixed points (over C), by The-

orem 2.1 the left hand side of equation (5) is an element of GﬁO(B)Q(Cn) +
a(ker 99). Set for an equivariant bundle F' in analogy to the classical A-class

R ‘o chy (F)
Ay(F) = Tdy(F) exp(— L H a0 ()

and let Ag denote the corresponding arithmetic class (an unfortunate clash
of notations); in particular A,(F*) = (—1)rk(F/FG)Ag(F). For isolated fixed
points, by comparing the components in degree 0 in equation (5) one obtains

niml = (1) (A, (B)) 72
and thus by Theorem 2.1

L+ alR, (E2) - m . 7

(compare [KR4, Prop. 5.1]). Both sides can be regarded as products over
the occurring eigenvalues of g of characteristic classes of the corresponding
bundles E¢. One can wonder whether the equality holds for the single factors,
similar to [KR4]. Related work is announced by Maillot and Roessler in [MR].

2) If G(C) does not act with isolated fixed points, then the right hand side
vanishes, cyop(EY) vanishes and we find

Ciop(EY) = a(Ty(rc, O)Tdy(Ec)) . (8)

As was mentioned in [K1, eq. (7.8)], one finds in particular

ca(E) = a(v). (9)

For this statement we need Gillet-Soulé’s arithmetic Grothendieck-Riemann-
Roch [GS8] in all degrees, while the above statements use this theorem only
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in degree 0. The full result was stated in [S, section 4]; a proof of an analogue
statement is given in [R2, section 8]. Another proof was sketched in [Fal] using
a possibly different direct image. If one wants to avoid the use of this strong
result, one can at least show the existence of some (d — 1,d — 1) differential
form +/ with ¢4(E) = a(v’) the following way: The analogue proof of equation
(9) in the classical algebraic Chow ring CH*(B) using the classical Riemann-
Roch-Grothendieck Theorem shows the vanishing of ¢;(FE). Thus by the exact
sequence

Ae-14-1(B) -, CHY(B) -~ CHY(B) — 0

we see that (9) holds with some form ~'.

Now we restrict ourself to the action of the automorphism (—1). We need
to assume that this automorphism corresponds to a ps-action. This condition
can always be satisfied by changing the base Spec D to Spec D[%] ([KR1,
Introduction] or [KR4, section 2]).

Theorem 3.4. Let m:Y — B denote a principally polarized abelian scheme of
relative dimension d over an arithmetic variety B. Set E := (R'm,O, ||| 2)*.
Then the Pontrjagin classes of E are given by

2k—1

pi(E) = (—1)* 252(11—2213) S %_ fioii (2% — 1)l a(ch(E)2+-1)

(10)
The log 2-term actually vanishes in the arithmetic Chow ring over Spec D[1/2].

Remark. The occurrence of R-class-like terms in Theorem 3.4 makes it very
unlikely that there is an easy proof of this result which does not use arithmetic
Riemann-Roch-Theorems. This is in sharp contrast to the classical case over C,
where the analogues formulae are a trivial topological result: The underlying
real vector bundle of F¢ is flat, as the period lattice determines a flat structure.
Thus the topological Pontrjagin classes p;(Ec) vanish.

Proof. Let Q(z) denote the power series in z given by the Taylor expansion

of
1

41+e ) 1 +e) = ——
( )7 ) cosh2§

at z = 0. Let @ denote the associated multiplicative arithmetic characteristic
class. Thus by definition for G = us

49Tde(E)Tde(E*) = Q(E)

and @ can be represented by Pontrjagin classes, as the power series @ is
even. Now we can apply Lemma 3.1 for Pontrjagin classes to equation (5) of
equation (7). By a formula by Cauchy [Hi3, §1, eq. (10)], the summand of @
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consisting only of single Pontrjagin classes is given by taking the Taylor series
in z at z =0 of
d z 4 (5 cosh? =2
vt S OO Iy VO

—z = 1+ 7‘5 11
dz Q(v~=2) cosh? g 2 2 D

and replacing every power z7 by p;. The bundle E¢ is trivial, hence ¢, (EY) =
1. Thus by equation (5) with 77*1 = 4¢ we obtain

- (—1)k+! .
Z Tﬁ(l —2k)p(E) = —a(Ry(Ec)) .

k=1

The function E(a, x) by which the Bismut equivariant R-class is constructed
satisfies for @« = —1 the relation

[eS) 2k—
R(-1,2) — R(~1, —x) Z{ (2g(1—2k +C(1 - 2k) Z )
k=1 e
i 22k—1
—2log2-4 1—21@}-7. 12
082 41— 2W)] - e (12
Thus we finally obtain the desired result. a
The first Pontrjagin classes are given by
Pr= 20+, Dy=201—203C1+0C, D3z=—2C+ 20501 — 20aCo+ 3

In general, pp = (—1)*2¢,+products of Chern classes. Thus knowing the
Pontrjagin classes allows us to express the Chern classes of even degree by the
Chern classes of odd degree.

Corollary 3.5. The Chern-Weil form representing the total Pontrjagin class
vanishes (except in degree 0):

(E@E*)=1, e, det(l1+(2°)"?)=1

for the curvature 2F of the Hodge bundle. The Pontrjagin classes in the al-
gebraic Chow ring CH(B) vanish:

c(E® E*)=1

Proof. These facts follow from applying the forget-functors w: CH( ) —
A(B(C)) and ¢: CH( ) — CH(B). O

The first fact can also be deduced by “linear algebra”, e.g. using the
Mathai-Quillen calculus, but it is not that easy. The second statement was ob-
tained in [G, Th. 2.5] using the non-equivariant Grothendieck-Riemann-Roch
theorem and the geometry of theta divisors.
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4 A K-theoretical proof

The Pontrjagin classes form one set of generators of the algebra of even classes;
another important set of generators is given by (2k)! times the Chern character
in even degrees 2k. We give the value of these classes below. Let U denote the
additive characteristic class associated to the power series

U) ._i -2k A1 log2 | 2!
"kzl C(1—-2k) 4 25 1—4-% ] (2k—1)!

and let d again denote the relative dimension of the abelian scheme.
Corollary 4.1. The part of &(E) in éﬁe"e“(B)Q is given by the formula
ch(E)leverl = d — o(U(E)).

Proof. The part of ch( ) of even degree equals
O 1~
ch(E)leven] = Sh(E @ E"),

thus it can be expressed by Pontrjagin classes. More precisely by Newton’s
formulae ([Hi3, §10.1]),

(2k)1chP¥) — By - (2K — 2)1chPR =2 oo ()P 15 20ch? = (—1)R+ kg,

for k € N. As products of the arithmetic Pontrjagin classes vanish in CH( o
by Lemma 3.4, we thus observe that the part of ch(£) in CHC"C“(Y) is given
by

k+1 E)
even
( =d+ Z 2k -1

Thus the result follows from Lemma 3.4. O

As Harry Tamvakis pointed out to the author, a similar argument is used
in [T, section 2] and its predecessors.

Now we show how to deduce Corollary 4.1 (and thus the equivalent Theo-
rem 3.4) using only Conjecture 3.2 without combining it with the arithmetic
Grothendieck-Riemann-Roch Theorem as in Theorem 3.3. Of course the struc-
ture of the proof shall not be too different as the Grothendieck-Riemann-Roch
Theorem was very simple in this case; but the following proof is quite instruc-
tive as it provides a different point of view on the resulting characteristic
classes. We shall use the A-ring structure on K constructed in [R1].

Conjecture 3.2 applied to the abelian scheme 7: Y — B provides the for-

mula
1 —a(Ry(Nyyy,, )

71'16— ﬂ',ﬂz —
Ao1(Nyyy, )
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In our situation, Ny,y, = T7. Combining this with the fundamental equa-
tions (3), (4) and Theorem 2.1 yields

_ 1- B
A_lE* — 71,]#27_‘_* a’(R_li ))
' A FE

and using the projection formula we find
AE @ E* =441 — a(Ry(E"))) .

Let E' denote the vector bundle E equipped with the trivial ps-action. Now
one can deduce from this that E’ & E’* itself has the form 2d + a(n) with a
00-closed form 7: Apply the Chern character to both sides. Then use equation
(11) and Lemma 3.1 to deduce by induction that all Chern classes of E’ @ E’*
are in a(ker 39). Thus using the fact that the arithmetic Chern character is
an isomorphism up to torsion ([GS3, Th. 7.3.4]) £’ @ E"™ = 2d + a(n) with
a(n) having even degrees, and F & E* = (2d+a(n)) ® (—1) in K#2(B)g. One
could use the v-filtration instead to deduce this result; it would be interesting
to find a proof which does not use any filtration.

For a 8 € APP(B), the action of the A-operators can be determined as
follows: The action of the k-th Adams operator is given by 1/*a(3) = kP*1a(3)
([GS3, p. 235]). Then with ¢y = >, o t"%, A := 3,5 t*AF the Adams
operators are related to the A\-operators via

P(z) = —t% log A_¢(x)

for z € K (B). As 1hy(a(f3)) = Li_1_,(t)a(8) with the polylogarithm Li, we
find for 8 € ker 90
Ae(a(B)) =1 = Li_p(=t)a(B)

or Na(B) = —(=1)*kPa(B) (Li_p(75) is actually a polynomial in #; in this
context this can be regarded as a relation coming from the ~-filtration). In
particular A_ja(3) = 1 — ((=p)a(B3), and A_1(a(B) ® (=1)) = Ma(f) ® 1 =
(1+ (1 —2rr¢(=p)a(B)) ® 1 in KH2 ®r,, C.

By comparing

Ai(a(n) ® (-1)) = a(z C(1—2k)(1 — 4’“)77[2’“*11) ®1=a(R_1(E"))®1

k>0
we finally derive a(n) = a(—2U(FE)) and thus
G E" =2d—2a(U(E)).

In other words the Hermitian vector bundle E” & E’* equals the 2d-dimensional
trivial bundle plus the class of differential forms given by U(E) in K#2 ® R,,C.
From this Corollary 4.1 follows.
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5 A Hirzebruch proportionality principle and other
applications

The following formula can be used to express the height of complete subvari-
eties of codimension d of the moduli space of abelian varieties as an integral
over differential forms.

Theorem 5.1. There is a real number ry € R and a Chern-Weil form ¢(E)
on B¢ of degree (d —1)(d — 2)/2 such that

ATV — (g - V() 4 6(B)y) .

The form ¢(E) is actually a polynomial with integral coefficients in the

Chern forms of E. See Corollary 5.6 for a formula for rg4.

Proof. Consider the graded ring Ry given by Qluq,...,uy] divided by the
relations

&
,_.

(1+ Zuj (—1Yu;) =1, and ug=0 (13)
J

)
-

where u; shall have degree j (1 < j < d). This ring is finite dimensional as a
vector space over Q with basis

Ujy = Uj s 1§j1<"'<jm<d ,1§m<d.

In particular, any element of R; has degree < @. As the relation (13) is
verified for u; = ¢;(E) up to multiples of the Pontrjagin classes and ¢;(E),
any polynomial in the ¢;(E)’s can be expressed in terms of the p;(E)’s and
¢4(E) if the corresponding polynomial in the u;’s vanishes in Rg.
Thus we can express cl+d(d D/2 (E) as the image under a of a topological
characteristic class of degree d(d —1)/2 plus ~ times a Chern-Weil form of
degree (d—1)(d—2)/2. As any element of degree d(d—1)/2 in Ry is proportional
to uf(dfl)/Q, the Theorem follows. O
Any other arithmetic characteristic class of E vanishing in Ry can be
expressed in a similar way.

Ezxample 5.2. We shall compute cl+d(d b/ 7( ) explicitly for small d. Define
topological cohomology classes r; by p;(E) = a(r;) via Theorem 3.4. For
d =1, clearly

a(E) =a(v).
In the case d = 2 we find by the formula for p;

G(E)=a(r +27) =a|(-1+ %10g2 +24¢' (-1))e1 (E) + 27} :

Combining the formulae for the first two Pontrjagin classes we get
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~ ~ 1 1,0 1.
P2 = 2c4 — 2c301 + 15‘11 - 50%101 + Zﬁ :

Thus for d = 3 we find, using c3(E) = 0 and ¢?(E) = 2¢2(E),

CH(E) = a(2¢3(BE)ry + 4ry + 8c1(E)y)

- a[(—l?)—7 + % log 2+ 48¢'(~1) — 480¢'(~3))c}(E) + 8¢1 ()] -

For d = 4 one obtains
¢(E) = a[ 64ca(E)c3(E)r1 — (8c1(E)ca(E) + 32¢3(E))re + 64c1 (E)rs
+16(7c1(E)c2(E) — 403(E))fy} .
As in this case ch(E)M = ¢ (B), 3lch(E)B = —¢}(E)/2 + 3c3(F) and
5ch(E)B! = ¢§(E) /16, we find

o — 1063 1520
AE) =a (5 55

+16(7er (B)ea(E) — des(B))r] -

log2 + 96¢"(—1) — 600¢"(—3) + 2016g’(—5))c§(E)

For d = 5 on gets

_loseu 1136z
2520 ' 2205 8

—3280C" (= 7) + 2352¢" (=5) — 760¢" (—3) + 176(’(—1))} :

ay(E) = a[ 2816y ca (3c1c3 — 8cy) + cf° (

and for d =6

G%(E) = a[4259847 (11cpcaczey —91cacses) +40¢ cqcs)

/3684242 3321026752 36096
15 ( OVVIY et
@ ( 15005 T 37303605 ()T 3 <(=9)

526080 , _ 395136, _ 136320 , . 3264,
13 ¢ T+ g ¢ (08) =S¢ () + D) |

Remark. We shall shortly describe the effect of rescaling the metric for the
characteristic classes described above. By the multiplicativity of the Chern
character and using ch(O, a| - |?) =1 — a(log @), ch(E) changes by

log o - a(ch(E))

when multiplying the metric on E* by a constant a € Ri‘ (or with a function
a € C®(B(C),R*)). Thus, we observe that in our case ch(E)[° is invariant
under rescaling on £* and we get an additional term

log o - a(ch(E)[Odd])
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on the right hand side in Corollary 4.1, when the volume of the fibers equals
a? instead of 1. Thus the right hand side of Theorem 3.4 gets an additional

term ( )k+1
-1 log o b
2(2k — 1)! a(ch(E)*H)

Similarly,

¢a(E) = a(y) +loga - a(ca-1(E))

for the rescaled metric. In Theorem 5.1, we obtain an additional

dd—1)+2 _
log o - a(% -c(li(d 1)/2(E)>

on the right hand side and this shows

dd—1)+2 4a-1)2
(A-D/2

O(E)ca1(E) =

E). (14)
Alternatively, one can show the same formulae by investigating directly the
Bott-Chern secondary class of R, for the metric change.

Assume that the base space Spec D equals Spec OK[%] for a number
field K. We consider the push forward map

deg: CH(B) — CH' (Spec(Ox[5])) — CH! (Spec(Z[3])) = R/(Qlog2),
where the last identification contains the traditional factor %
As Keel and Sadun [KS] have shown by proving a conjecture by Oort,
the moduli space of principally polarized complex abelian varieties does not
have any projective subvarieties of codimension d, if d > 3. Thus the following
two corollaries have a non-empty content only for d = 2. Still it is likely that
they serve as models for similar results for non-projective subvarieties in an
extended Arakelov geometry in the spirit of [BKK]. For that reason we state
them together with the short proof.
Using the definition

I —— 4idimBe &
h(B) := ————degé, T4 B (B
(B) = g domet " *(Eis)
of the global height (thus defined modulo rational multiples of log2 in this
case) of a projective arithmetic variety we find:

Corollary 5.3. If dim Bc = d(dgl) and B is projective, then the (global)

height of B with respect to det E is given by

r

h(B) = 2d~degB—|—%/Bﬂ¢(E)'y.

with deg denoting the algebraic degree.
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Let a(E, A,wF) € N"T*B be a differential form associated to bundles
of principally polarized abelian varieties (E, A,w®) (with Hodge bundle F,
lattice A and polarization form w?) in a functorial way: If f: B” — B is a
holomorphic map and (f*E, f*A, f*w¥) the induced bundle over B”, then
a(f*E, f*A, f*wf) = f*a(E, A,wP); in other words, a shall be a modular
form. Choose an open cover (U;) of B such that the bundle trivializes over
U;. To define the Hecke operator T'(p) for p prime, associated to the group
Sp(n, Z), consider on U; the set L(p) of all maximal sublattices A" C Ay, such
that w® takes values in pZ on A’. The sums

E
T(p)a(B, A0y, = Y BN, )
NeL(p) P

patch together to a globally defined differential form on B. Note that the
set L£(p) may be identified with the set of all maximal isotropic subspaces
(Lagrangians) A’/pA of the symplectic vector space (A/pA,w®) over F,.

Let B’ be a disjoint union of abelian schemes with one connected com-
ponent for each A’ € L(p) such that the Hodge bundle over each connected
component over Spec C is isomorphic to the hodge bundle E(C) over B(C),
but the period lattice and polarization form are given by A’ and w® /p.

Corollary 5.4. For B as in Corollary 5.3 set h'(B) := m. The
height of B and B’ are related by

p¢—1 logp
pi+1 2

h'(B") = h'(B) +

Proof. For this proof we need that - is indeed the form determined by the
arithmetic Riemann-Roch Theorem in all degrees (compare equation (9)).
The action of Hecke operators on v was investigated in [K1, Section 7]. In
particular it was shown that

d—1

d
_ j p
Ton =11+ (r+55

logp - Cdl(E)) :

The action of Hecke operators commutes with multiplication by a character-
istic class, as the latter are independent of the period lattice in E. Thus by
Corollary 5.3 the height of B’ is given by

h(B') =
- Td 1 pd 1logp
j _— — Snl - p—
j];[l(p +1)< 5 " deg Be + 5 . OEN+ . ¢(E)cd_1(E)> :

Combining this with equation (14) gives the result. O
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Similarly one obtains a formula for the action of any other Hecke operator
using the explicit description of its action on v in [K1, equation (7.4)].

The choice of B’ is modeled after the action of the Hecke operator T'(p)
on the intersection cohomology on moduli of abelian varieties, as described
in [FC, chapter VIL.3], where B should be regarded as a subvariety of the
moduli space and B’ as representing its image under T'(p) in the intersec-
tion cohomology. This action is only defined over Spec Z[1/p] though. As

1
CH (Spec Z[1/p]) = R/(Q - log p), the additional term in the above formula
would disappear for this base.

Now we are going to formulate an Arakelov version of Hirzebruch’s pro-
portionality principle. In [Hi2, p. 773] it is stated as follows: Let G/K be a
non-compact irreducible Hermitian symmetric space with compact dual G’/ K
and let I' C G be a cocompact subgroup such that I'\G/K is a smooth man-
ifold. Then there is an ring monomorphism

h: H*(G'/K,Q) — H*(I'\G/K,Q)

such that h(c(TG'/K)) = ¢(TG/K) (and similar for other bundles F’, F'
corresponding to K-representation V', V dual to each other). This implies
in particular that Chern numbers on G’/K and I'\G/K are proportional
[Hil, p. 345]. Now in our case think for the moment about B as the moduli
space of principally polarized abelian varieties of dimension d. Its projective
dual is the Lagrangian Grassmannian L, over Spec Z parametrizing maximal
isotropic subspaces in symplectic vector spaces of dimension 2d over any field,
L4(C) = Sp(d)/U(d). But as the moduli space is a non-compact quotient,
the proportionality principle must be altered slightly by considering Chow
rings modulo certain ideals corresponding to boundary components in a suit-
able compactification. For that reason we consider the Arakelov Chow group
CH*(Zd,l) with respect to the canonical Kéhler metric on Ly_1, which is the
quotient of CH* (L) modulo the ideal (¢4(S), a(cq(S))) with S being the tau-
tological bundle on Ly, and we map it to CH*(B)/(a(v)). Here Lq—1 shall be
equipped with the canonical symmetric metric. For the Hermitian symmetric
space L4-1, the Arakelov Chow ring is a subring of the arithmetic Chow ring
CH(Lg-1) ([GS2, 5.1.5]) such that the quotient abelian group depends only
on Ly—1(C). Instead of dealing with the moduli space, we continue to work
with a general regular base B.

The Arakelov Chow ring CH*(Ly4_1) has been investigated by Tamvakis
in [T]. Consider the graded commutative ring

Z[ala s /zzdfl] D R[ula s 7ud71]
where the ring structure is such that Rluq,...,uq—1] is an ideal of square zero.
Let R4 denote the quotient of this ring by the relations
d—1

(1+ Zuj)(l + dzzl(—l)juj) =1

j= j=1
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and
d—1 d—1
(1 +y Ak> (1 + )
k=1 k:l
d-1 21,
Z( f) (2k — 1)1 b V(uy, ... ug_1) (15)
=1 j=1 J
where ch(uq,...,uq4—1) denotes the Chern character polynomial in the Chern
classes, taken of wuj,...,uq—1. Then by [T, Th. 1], there is a ring isomor-

phism @: Ry — CH*(Lq_1) with ®(@y,) = 6,(S*) and @(uz) = a(cs(S*)). The
Chern character term in (15), which strictly speaking should be written as
(0, chl?F=1] (u1,...,uq—1)), is thus mapped to

a(chm*u (c1(S%),...,ca—1(S%))) -

Theorem 5.5. There is a ring homomorphism

h: CH*(La—1)qg — CH*(B)o/(a(v))

with
d=1 . o
h(@(3)) = () (1 ta <Z<C<((11 - 22]];)) B2 2k — 1tk (E)))
k=1
and

h(a(e(9))) = a(e(E)) .

Note that S* and E are ample. One could as well map a(c(S*)) to a(c¢(E)),
but the correction factor for the arithmetic characteristic classes would have
additional harmonic number terms.

Remark. For d < 6 one can in fact construct such a ring homomorphism
which preserves degrees. Still this seems to be a very unnatural thing to do.
This is thus in remarkable contrast to the classical Hirzebruch proportionality
principle.

Proof. When writing the relation (15) as
(9)e(S*) =1+ a(e)
and the relation in Theorem 3.4 as
A(E)e(E*) =1+ a(es)

we see that a ring homomorphism h is given by
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() = (1+ %h(a(el)) - %a(eg)) a(E)

(where h on im(a) is defined as in the Theorem). Here the factor 141 A (a(€;))—
a(ez) has even degree, and thus

hE(s) = Wz(m

which provides the compatibility with the cited relations. a

Remarks. 1) Note that this proof does not make any use of the remarkable

fact that h(a(e[lk])) and a(e[Qk]) are proportional forms for any degree k.

2) It would be favorable to have a more direct proof of Theorem 5.5, which
does not use the description of the tautological subring. The R-class-like terms
suggest that one has to use an arithmetic Riemann-Roch Theorem somewhere
in the proof; one could wonder whether one could obtain the description of
CH*(Lg4_1) by a method similar to section 3. Also, one might wonder whether
the statement holds for other symmetric spaces. Our construction relies on
the existence of a universal proper bundle with a fibrewise acting non-trivial
automorphism; thus it shall not extend easily to other cases.

In particular Tamvakis’ height formula [T, Th. 3] provides a combinatorial
formula for the real number r4 occurring in Theorem 5.1. Replace each term
Haj—1 occurring in [T, Th. 3] by

-2k = L 210g2
¢(1— 2k
and divide the resulting value by half of the degree of Ly_1. Using Hirzebruch’s
formula U — 11/
deng_ — (d(_l_ )/ )
—2k=1)
k=1

for the degree of Ly_; (see [Hil, p. 364]) and the Z-valued function gl®?la-1
from [T] counting involved combinatorial diagrams, we obtain

Corollary 5.6. The real number rq occurring in Theorem 5.1 is given by

QIH(A=1D)(d=2)/2 TT9 1 (2f — 1)1!

o (d(d=1)/2)
S 1 -l
P ¢(=2k—1) — 4-k-1

min{k,d—2—k}

Z (71)172755))69[]671),[7]{1_1 ,

b=0
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where 6y, s Kronecker’s 6.

One might wonder whether there is a ”topological” formula for the height
of locally symmetric spaces similar to [KK, Theorem 8.1]. Comparing the fixed
point height formula [KK, Lemma 8.3] with the Schubert calculus expression
[T, Th. 3] for the height of Lagrangian Grassmannians, one finds

1

€1,...,eq—1 {1} H’LS] (61'1 + €jj)

2 (T er) T — (Tew) T2 (T e, — (2 — 655 (eii + ;)"

d—2 [2k—-1 1 min{k,d—2—k}

— Z = Z (—1)b2— bk glh=bbla—s

k=0 \ j=1 J b=0

In [G, Th. 2.5] van der Geer shows that Ry embeds into the (classical)
Chow ring CH* (M)g of the moduli stack My of principally polarized abelian
varieties. Using this result one finds

Lemma 5.7. Let B be a regular finite covering of the moduli space My of
principally polarized abelian varieties of dimension d. Then for any non-
vanishing polynomial expression p(uy, ..., ug—1) in Ry,

h(p@(S),...,e1(5))) ¢ ima.

In particular, h is non-trivial in all degrees. Furthermore, h is injective iff
a(er(B)M4=172) £ 0 in CHU=D/241(B)g /(a(7)).

The need for a regular covering in our context is an unfortunate con-
sequence of the Arakelov geometry of stacks not yet being fully constructed.
Eventually this problem might get remedied. Until then one can resort to base
changes to ensure the existence of regular covers as e.g. the moduli space of
p.p. abelian varieties with level-n structure for n > 3 over Spec Z[1/n, €27/
([FC, chapter IV.6.2¢]).

Proof. Consider the canonical map ¢ : ﬁ*(B)Q/(a(fy)) — CH*(B)g. Then

C(h(p(gl(g), SN ,Ed_l(g)))) = p(cl (E), ceey Cd_l(E)> 5

and the latter is non-vanishing according to [G, Th. 1.5]. This proves the first
assertion. -

If a(cy(E)H4=1/2) £ 0 in CHY?=D/2+1(B)q/(a(y)), then by the same
induction argument as in the proof of [G, Th. 2.5] R4 embeds in a(ker 00).
Finally, by [T, Th. 2] any element z of R; can be written in a unique way as
a linear combination of
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Uj, -4y, and wj ---uj,, with 1<ji<---<jn,<d,l1<m<d.

Thus if z ¢ ima, then h(z) # 0 follows by van der Geer’s result, and if
z € ima \ {0}, then h(z) # 0 follows by embedding Rq ® R. O

Using the exact sequence (2), the condition in the Lemma is that the cohomol-
ogy class ¢, (E)*4=1/2 should not be in the image of the Beilinson regulator.

Finally by comparing Theorem 5.1 with Kiihn’s result [Kii, Theorem 6.1]
(see also Bost [Bo]), we conjecture that the analogue of Theorem 5.5 holds
in a yet to be developed Arakelov intersection theory with logarithmic sin-
gularities, extending the methods of [Kii], [BKK], as described in [MR]. I.e.
there should be a ring homomorphism to the Chow ring of the moduli space
of abelian varieties .

h: CH*(Zd)Q — CH>'< (Md)@

extending the one in Theorem 5.5, and ~ should provide the Green current
corresponding to ¢4(E). This would imply

Conjecture 5.8. For an Arakelov intersection theory with logarithmic singu-
larities, extending the methods of [Kii], the height of a moduli space M, over
Spec Z of principally polarized abelian varieties of relative dimension d is given
by

h(Ma) = 5% deg(Ma)

The factor 1/2 is caused by the degree map in Arakelov geometry.

6 The Fourier expansion of the Arakelov Euler class of
the Hodge bundle

In this section we shall further investigate the differential form ~ which played
a prominent role in the preceding results. We adapt most notations from [K1].
In particular we use as the base space the Siegel upper half space

9 ={Z=X+iY €End(C) |'Z=2,Y >0},

which is the universal covering of the moduli space of principally polarized
abelian varieties. Due to an unavoidable clash of notations, we are forced here
to use the letters Z and Y again. Choose the trivial C¢-bundle over $),, as the
holomorphic vector bundle E and define the lattice A over a point Z € §4 as

Az = (Z,id)Z*"

where (Z,id) denotes a C?*2%-matrix. The polarization defines a Kéhler form
on F; the associated metric is given by

||Z7“—|—s||‘22zt(Zr+8)Y_1(Zr+s) for r,s € Z™.
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(one might scale the metric by a constant factor 1/2 to satisfy the condition
vol(Z) = 1. The torsion form is invariant under this scaling). The crucial
ingredient in the construction of v in [K1] was a series 3; depending on real
parameters t,b € R, such that the Epstein zeta function Z(s) with v = Z'(0)
can be constructed as the Mellin transform of the b-linear term of 3,. More
precisely,

Z(s) = _Fés) /Ooo g1 (;bb_oﬂt + cn_l(E)> dt,

which also leads to other expressions for 7 in terms of 3. We derive the Fourier
expansion for vy by applying the Poisson summation formula to a lattice of
half the maximal rank in the Epstein zeta function defining the torsion form.
This leaves us with two infinite series which converge at s = 0, and another
Epstein zeta function for a lattice of half the previous rank. By iterating this
procedure lfog;;l times one can actually gain a convergent series expression for
~; compare [E, §8], where a similar procedure with 2d steps is described.

Set C:= 1Y 11— 325Re 2F), and D := LY ~! —5Im 2F . Thus 'C = C,

D = —D. Then by [K1, eq. (6.0)],

= [(=b\* 1 :
By = <ﬂt> > exp <t<)\1’°, (1+ Q:ﬂjn’f)xoﬁl))

A€eA
d

_ <;§’> > exp (~5HZr +u)(C + D) +u))
rau€Ze

Now let B be a symmetric integral d x d-matrix. The space b of such
matrices embeds into Sp(d, Z) via

id B
B (o id) :
The induced action of B € b on § is given by Z +— Z + B. As 3; is Sp(d, Z)-

invariant, it thus has a Fourier decomposition on the torus $/b. Notice that
the space ¢ of frequencies does not equal b but is the space

c= {%(B +'B) | B €gl(d,Z)}

of symmetric matrices integral along the diagonal and half-integral off the
diagonal.

Using the Poisson summation formula applied to u € Z% we find for Bﬂ z
at Z =X +1Y

By = <_b>d Z exp (—%t(Zr—Fu)(C'—G—D)(ZT—Fu))

Tt
raueZd
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—p\? T,
_ <m> S e (= THUXT +u)C(X T+ )
rau€Zd
—%trYCYT - ?tTYD(XT + u))
(22)' S vag e (- mtac-ta-amvx
= _— ex — Tt U U — 2T UAT
™ aere Vaere
7§trY(C — DCT'D)Yr — 27rtrYDC*1a) .

For any symmetric A € R¥% and M = 3(r " u + u ' r) we have (M, A) =
Tr M*A = ' Au. Thus the Fourier coefficient of e=27*MX) for M € ¢ equals

3 ( —b ) !
m/t) detC
- exp (—ﬂ'ttuC'_lu - %trY(C - DC'D)Yr — QﬂtrYDC_1u> .
In particular the occurring frequency matrices M in the Fourier decomposition

are among the matrices in ¢ which have at most two non-zero eigenvalue. Note
that

C-DC'D=C(Id-C'DC™'D)=C(ld-C'D)(Id+C~'D)
= (C-D)C™C+ D)="%C+D)CC + D) (16)
and in particular for a € R?
ta(C— DC™'D) ta="a(C+ D)"Y (C+D)(C+ D) 'a="'a(CFD) ta
(this value does not depend on the choice of +), or

2(C-DC™'D)y ' =(C+D)"'+(C-D)* .

6.1 The coefficients of the non-constant terms

Proposition 6.1. Two vectors r,u € R?\ {0} are uniquely determined by the
matriz

1
M = §(r~tu—|—u-tr)

up to order and multiplication by a constant.

Proof. Assume first that v and r are not colinear. The two non-vanishing
eigenvalues of M are given by

Atz = 5 ((ryw) £ [l flul)

N | =
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with corresponding eigenvectors vy 2 = c12(||r||u £ ||ul|r) with ¢12 € R\ {0}
arbitrary. In fact,

Cc
Moy = = ([[rllr(u, ) = Jullr(r,u) + riludr,u) & [ufu(r,r) = A 2v12.

Now |[|v12[|* = 24ci 5|7 ||s][A1,2 and thus

V1,2 H?“ ||u
| 1, 2
vl |l [l

Without loss of generality we may assume the sign to be positive; we then

have
U1 vy gl
|A1] + VIAe| =4[ +—ru
[[v1]] [[va]] [Jul]

IIU
— /M| VA2l
|| v e 2||
Thus all possible sets {u,r} of solutions are given in terms of M by

{{elporp VT VIRl (o VI - g VPaD} e e R 0},

In the case 7, u colinear the eigenvalue Ao vanishes and the proof remains the
same with this simplification. O

and

Remarks. 1) Note that A\ > 0 and Ay < 0.

2) There is a simpler formula for r and u up to two possibilities in every
coordinate: Necessarily one diagonal element of M is non-zero, say Myi. By
solving the system of quadratic equation 2M;; = riu; + rju;, one finds up to

the scaling constant
ri = Mlj + 1/M12j — Mnij .

Alas determining the +-choice in every coordinate is not easy.

3) In our case, the condition 7, s € Z? implies that for every M € ¢ there
are primitive vectors 79, ug € Z? and ¢ € Z* such that all possible sets {r, u}
are given by {{kro, c/k - uo}k € Z, k|c}.

Using the Taylor expansion of (1 — x)~! at x = 0, we find for the term in
the exponential function in §; p with r = krg, u = cug/k

—mttuC ™ty — t rY(C — DC™'D)Yr — 27'rY DC~tu

77202 k2 t k2 wl
-T2 uOYuO_TTOYTO+k2 bl +TZ +Z

>1 >1 >1
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where wy, wy, w;" are differential forms of degree ([,1), depending on M but not
on k. Thus B as has the form

_— —b\* 1 t
Br.m = Z <7r\/5> Tt O+ 0rmr) <é<k2) al(b))

kE€Z,k|c
22 2 2 2 2
me k mee k
. (exp (— 2 trugYug — ttroYro) + exp <— 2 throYro — ttquu()))

with ay(b) being a differential form of degrees greater or equal to |I|, with
coefficients in polynomials in 1/b. In particular, the sum over [ is finite. Now
for a,b € RT, o € R the Bessel K-functions provide the formula

1 > —at—b/tys—1—« 2 \/Ea_s
1 = — — 2
T) /0 e t dt TV K(a — 5,2V ab)

and thus

0 1 > —at—b/tys—1—« \/Ea
— =2/ K(a,2 .
D5 oo (F(s) /0 e t dt 2 (v, 2V ab)

We define

|M,Y] :=virYr - tuYu

by Proposition 6.1 we know that this value does not depend on the choice
of r and u. More easily, one can verify this using |M,Y||? + (M,Y)? =

2Tr MY MY . Also we set
(7" u ) L t’I"QY’I“()
plro.uo) =\ [ 7

Hence we find for the derivative at s = 0 of the Mellin transform of 3 ps

0 1 <o s—1
as|s_o<r<s>/o Prt dt)

—o (b ’ 1
= > )k (W) Vdet C(1 + 6,y—u,)

kEZ,k|c I€Z

d/2-1 d/2-1
w2c2 - tugYug m2c2 - trgYrg

k4 . t’l“oY’I“o ]414 . tquuo

K(d/2 = 1,2/ M,Y]]?)
90d/2—1( _p)d
= Z Zo‘l(b) I+d/2(1.|d -
7+ d/2|k|dv/det C(1 + Gpy—u, )

kEZ k|c l€Z

' (P(Tmuo)l*d/2 + p(ro,uo)d/%l) K(d/2—1,27||M,Y||)
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—d/2— l( b)dad(c)
B ; \/det C(1+ ry—uy)

: (p(m,uo)l‘d/2 + p(ro,uo)d/”) K(d/2—1,2|M,Y]|)

with o, (c) 1= ZkeZ+,k|c k™ being the divisor function. For ¢ =[], ;..
one finds o
1 _ —m(vp
— m
- H —m

p prime

and thus o,,(c) € |¢™,{(m)c™[. The form + is given by the linear term in b
in the above equation, for which |I| < d — 1. Set

n(ro, ug) := e 2T IMY |

p(ro,uo)~*? exp ( — ¢p(ro, uo) - “ug(C™" — Y )ug
t 1 2 1 ¢ 1 1
=27c'roY DC ™ ug — wocp(ro,up) ~ - 'ro(Y(C — DC™'D)Y — fY)ro)
T
= p(ro, uO)fd/2 exp ( — cp(ro,up) - ‘ugC~rug — 2mctrgY DC ™ tug
—m2ep(ro,up) ™t - troY (C — DC_lD)Yro) )

The Bessel K-functions have for |z| — oo the asymptotics

K(v,z) = \/ze_z(l + 0(%))

and thus we find for |M,Y|| — oo by setting t := %p(ro, up) in the defining
equation for the o

s—1
85\3 0( / Be,t dt)

__ (mo)” d/z (=b)?oa(c)
VMY det C(L+ bpy—uy)

For d odd the Bessel K-functions have special values, and one thus finds
explicit expressions for the Fourier coefficients similar to (18). Using the poly-
logarithm defined for |¢| < 1,1 € R by

1
(n(ro, uo) +n(uo, o)) (1 + O(W)) .

Li(q) = = (18)

k=1

we have the equality for m € Z*

o0
> -
c=1

= Z n™ i (¢").

n=1
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Thus we obtain with
q(ro,up) 1= exp ( — p(ro,uo) - ugC ™ tug — 21trgY DO~ ug
—7m2p(ro,up) "t - trgY (C — DC'D)Yrg — QWitUOXT’(])

the following

Lemma 6.2. When summing the part of the Fourier expansion corresponding
to frequency matrices which have the same pair of primitive vectors g, ug, we
obtain with My := %(7’0 g 4+ ug -t rg)

, ) L A
—27mi{cMo,X) Y - ts_ldt
Z e 6s|s:o (F(S) /0\ Bt,cMo )

ceZt
72 (=b) p(ro, ug) ~ />

HMO, Y” det C(l + 6T0:u0)
. Z n T (Li% (q(ro,uo)™) + O(
n=1

1 . n
W)Ll% (Q(r07 ug) ))

+ this same term with ro, ug exchanged

—d/2 —b d e 1
_ T (b nT (p(ro,uO)_d/QLid;l(q(To,uO)")
=1

Mo, Y[ det C(1 + 6790, ) 4

+p(ro,uo)d/2Li% (Q(Uoer)n)) ' (1 +O(||M01Y||)> .

Here polylogarithms of forms have to be interpreted via the power series
in equation (18).
6.2 The coefficient of the constant term

For M = 0 we find by applying again the Poisson summation formula to both
sums

= —b\* 1 T -1
Bro = ,%Z:d (Wx/f) \/TTC exp ( - rY (C — DC D)Yr) (19)

SR e e (2) ke

ueZd

=2

PEZL

S ) () e

(_b)d exp ( — Y O — DC‘lD)‘lY‘lf)

k3 V/det(C(C'— DC-1D))det Y
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Using (16), we find
det(Y2C(C — DC™'D)) = det(YC + Y D)?
and (by Corollary 3.5)

1

1 5 d o
det(7Y (C + D)) = det (” omin > :jzo(fb) Tei(E),

and thus (20) simplifies to

d
Bro = 02() + (1) — (‘J’}) — (21)

0u(t) = Y (~b)"det <1 + 1913) exp (=t 1Y TN (CED) Y,

2mib
PEZL
AN T o yn
02(t) ::Z — exp(—?- uCu).
aez?

d
S 1 . . .
Note that the term — (T\/Z) = vanishes under Mellin transformation

[K1, Remark on p.12]. The b-linear term of the second summand 65(¢) in (21)

1S

1 1 d 1 1 A(d—1)
) - _ ttoy -1 1t y—10E
02 ()™ = = gZd <7Tt) exp ( ; uY u) (27rit uY 2 u)

with Mellin transform

Zo(s)P =
I'(2d—1-5s) ~1\* o1 i—2dis (Lt 1 0B A=
T T(s)d- 1) Z<w) (u¥™ ) om WY ’

u€Z?

and thus the corresponding summand of v equals

(2d — 2)! o -1 B A(d=1)
Z5(0) = = 1)ind Z (fuy ~ty)t—2d I uY 1%y .
" uezd\{0}

This term is homogeneous in Y of degree 2 — d; thus it behaves like |Y|?>~¢
for |Y] — oo or |Y| — 0.

By proceeding as in (17) we observe that the first summand 6, (¢) in (21)
has the form
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L B it =1 -1y -1y -1
1 27TibQ >exp( mt'rY " (C—DC~"D)”Y 7“)

d k
. (1 + Z Zté(—b)_kwk’g>

k=1/=1

with wg ¢ being a (k, k)-form, homogeneous in Y of degree —¢ — 2k and ho-
mogeneous in r of degree 2¢. The coefficient of b in 6, is given by

01(t)") = 011() + 012(¢)

where

011(t) == — Z exp ( — 72t trY_lr) ca—1(E),

rezd
d-1 k
012(t) :== — Z exp ( —72t- trY717“> Z Z t'wopecan(E).
rezd k=1 =1

The Mellin transform of this term thus equals

Z11(S)Cd_1(E) =+ %Zlg(s) = Z (7-(-2 ,t'[“Yflr) 7SCd_1(E)
reZ\{0}

U

1 k —s=
N Z Z I'(s+0) (WQ .trY’1r> ewk,ecd—l—k(E)

rez4\{0} k=1 (=1 I(s)

which is homogeneous in Y of degree 2 — 2d + s. In particular the Mellin
transform of §; converges in (21) for Res > d/2 when subtracting the # = 0
summand (and similarly in (19) for Re s < 0 when subtracting the r = 0
summand). Notice that f25(¢t) — 0 for t — oo and thus ﬁZgg(s) — 0 for
s — 0. Hence %ls:OﬁZu(s) = Z12(0). Furthermore Z11(0) = —1. Clearly
for « € R
Z11(8)jay = @ Z11(8) |y
and thus
Z11(0)jay = —loga+ Z1,(0)y -

Concluding we find
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Theorem 6.3. The differential form ~ representing the torsion form verifies
for |Y]| — o0

v = Z;1(0)ca_1(E) + Z12(0) + Z5(0) + O(e~I1) (22)

where Z11 s a classical real-valued Epstein zeta function; Zis is a sum of
Epstein zeta functions with polynomials in the numerator; and Z5(0) is given
by a convergent series. The first term in (22) behaves like —log |Y|-|Y|?>~2d¢; +
|Y'|2=2d¢y, the second term is homogeneous in'Y of degree 2—2d and the third
term is homogeneous in 'Y of degree 2 — d.
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